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ABSTRACT

The theory of subcriticel systems in two=group approximetion is

discussed and applied to multiplicetion and neutron distribution experiments

of untamped end tamped systems. C(n the whola, the agreement between experiment

end Theory is satisfactory-
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ASYVPYOTIC METHOD OF SOLVING NEUTRON=DIFFUSION PROBLENS

The msthod to be discussed has its chief spplication to suberitical
asssmbliess The multiplication experiments om 25 coresl) tamped with viC or U
and the neutron distributions in such as&embliesz) wers the original stimulus to
development of the methode As we shall see critical and supercritical are

speciel cases of the treatmente

I Critical System in Asymptotic Approximation

As the asymptotic solution t0 neutron diffusica involving two velocity
grevps forms the basis of our calculation, we shall discuss it firste.

Assuming spherical symmetry for our core=tamper system, we solve the
c.oupled Boltzmamn transport equations for the central pointo Serbers) was the
first to apply this device to the one=velocity probleme The merit of this
anproximation is the ease with which the difficult problem of unequal mean free
path in core snd tamper can be hend ledo

The two velocity groups, fast and slow, are distinguished by subscripts
1 and 2, respectively. The tamper quantities are charecteriszed by an ssterisk (*)

er

) 3 - 1
ard the cors symbols are unmmrked. The cross sections {(in em ) are o, Ops gy
<p for the transport, radiative capture, inel:stic and rission respectively.
We use H = n v as the neutron flux-

The transport eguations are then for a cors of radius "e" and infinite

1) LANS = 227 and LaiMS = 230

2) 14 - 307, 14 = 402 gndefd & 420 see g0

3) 14 - 254 A
o0 000 oee ooe ooe N -~ ' IITTLENT e, p
o0 sse o oese o o Alng = oo )
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The angular integration has been already performed in ('.l)u Also, the possible
inequality of core and tamper mean free path (0513 are in evidenceo e have

still to define:

oy flla("fl}"f’fcr’”"m,’ o, £, =Y, cf + Ggp
(2)
o £ ==V O . o, f_—(v =1 ¢ =0 '
2 12=1 f, 3 2722= 2 £, v,
O
whery v.‘EEnumber of nsutrons emitted into the fast group = JZ;dE
Q
end vy [ 4B ; v = total nunber of nsutrons per fission-
7/ ission spectrum and B, =energy dividing the two wvelocity groupse

/\f

The temper quantities corresponding to equation (2) are obtained by

putting an asterisk everywherec
The core asymptotic solution to (1) can be obtained by setting
\

Ny = Alsin r)/kr and N, = al;, and a-—e0 :

APPROVED FOR PUBLI C RELEASE
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Then -
0y (1+f, )K=l va oy £, K =0 .
-, (3)
o, £50 K +a [c (1+£,, E,=1
where %f—;‘-—.(arctan k/cl) [k

K, == (arcten k/oz)/k

Bqu:stion (3) determines both k and a but not As k can be either real

or pure imaginary. In fact, we write our general core solution as:

- sin kr . 8$inh k,»r
By = by = ¢ By

(4)
= sin k,r sinh k.r
Nz a1A~ - --k;-L ———— ¥ dzAz _._.E...&.&r
(For the sinh solution in (4), the arcten of Ky and L, of (3) becomes arctenh) .

Por the temper ssymptotic solution, we recall that for the one
O&
velocity theory to the charac’cerlst:.o fusction e /l( r belongs the characteristiec

-K%
value arctenh /(,%/a1 o Inserting Nz(- = * /K* and N*’ Nl for a—»0 in (1),

Kow
we get
¥ %K * %
07148 EY = 1 5 a0y £73 Ky = 0
(s)
of £25 K 4 a{(l )K;':J =0

: M . o
where K‘.f—;__-(arctanh,’ﬂ' /0{9/ ,t(*"'_; K;‘-;a(arctanh/‘.' /02)/5*“: Again (5) determines *

and o¥ but not A*_e The genorel tamper esymptotic solutiom is themn

=R, N

N* = A* N T + A -—--;——-e &
1 1%y 2 kX

[ ] L X X ] ’.' 20 o000 OO a’
g R IKE I, KEr e
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To evaluate Ays Ay A%; If; we use the conservat:ion equations,

which for two groups become:

& a. : <{§>
g.f N rzdr + Uy £ N zdr c f dn e 2
111 "1 2 *12f Tof 9F + 03 i1 1r + Opfqs N5 rar = 0
(4

° o

(7
a o 2 3 2 o
"2f22£Nz rdr + 015;‘21le1- ar + O ’fgg Nz*r dr + oi_ 21 E*r dr = 0

1
b a
The other two equetions needed are obtained by substituting (4) amd (8) into (1)-

Cur problem is now fully determined.

In solving (3) for kz of (4) it often happsns that no such value exists-

This difficulty has never boem fully wmderstoode The most successiul method to
date is the so-ocalled "hill" method. Equations (1) and (7) are transformed into
equations appropriaste %o & subcritical system by inkroducing a parameter M which
becomes 1 for the critical system (ses section IV for further details)s For )*Qla 0,
toth kg, end k, exist: As A1 snereases k, snd k, change comtinuously until &
maximum Amfl is reschedo A further incrsase in A1 will give a value of k; but

no value of kyo The "hill" solution is then %o use ¥, and a, corresponding to

=1

}‘m snd 1:1 and ay for M = 1o

As a test of ocur method we will give a numerical example and compare it
to other reliable methcdse The case :hosen is a criticel 25 core with en infinite .
ViC tampsro This problem had been zlresdy soived by the spherical=harmonic msthod&)c
The critical radius as obtained by the asymptotic method described above is
0ya = 1.2757. By the spherical=harmonic msthods the valus of gq8 is 1.2841 for
the Fy approximation. Ilastly we give the value obtained by the Feynman method:

oya = 1c2767 We ses that these three estimmtes of the critical radius are in
good agreement: Im Fig _.,,-we-hg\;c u’ nip{. 003 neutron flux nv iu cors and tamper

‘.ﬂ‘.——“... ...‘-‘... ..

4) .18 - 235, Fige 7

i -L i @&?F!EB =
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for the two velecity groupse A comparison there is made of the sphericsle
harmonic solution to our asymptotic method- Away from the core=tamper interface,
the two mesthods agree fairly wells At the interfece the asymptotic msthoed gives
its typical discontinuous jump in neutron fluxs If a smoothisg process is used
on the asympbotic solution, quite good neutron distributiom curves are obtained,
ivee the agreement betwwen the asymptotic and sphericel-harmonic methods becomes

surprisingly goodeo

IT Multiplication Theory for Untamped Sphereso

Suppose that we have an untemped sphere of zctive materisl of oritical
siZes Xn neutrons are introduced into the sphere distributed in the normal mode,
then thess neutrens will produce enough neutrons to compensaée for those that lesk
out, and the n neutrons will be maintained in the normsl modes In this stationary
process the n neutrons produce az infinite number of neutrons which leak out
(neglecting depletion of the materialls

We define the multiplication, M, as 1 + the total number of neutrons
produced by <wach neutroene For the critical cass the multiplicetion is infiniteo

If the sphere is sub=critical, and n neutrons are introduced, they will
not maintain themselves, but will leask away«. The totel aumber produced is not
sufficient to compensate for the leaksgeo The leakage will continue until no
e utrons are left in the sphere- The process tekes a finite time and a finite
number of neutrons have been produced: The multiplicstion is finiteo

The reciprocel of the muitiplicationo l/M, is always finite, being 1
for a bare source and zero for the criticel sizec I has beer fournd that the

graph of 1/Ml vso the radyis &’ $he '53t§ve-m¢terlal is for 25 metal snd 49 metal

g
very closely a streight lztﬁe s fhne ?%'uéé’ ’ this it is pcssible by measuring the

.. ... [ ] [ X1 .
ry 9. - )

&} In tre cese of 49 th& ci:ve.beccmigzsaighb oncave nesr tha.prwt1cal p01nto
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multiplication of a few sub=criticel sizes to extrapolate eccuretely to the
eritical size.

The expariment is usually cerried out by putting a stéady source at
the center of the sphers and measuring with a flat counter the total number of
neutrons that emerges The retio of the total number that emerge to the total
number introduced by the source in the seme time intervel is the multiplicatiom
of a centrel source-

We will now show how this quantity mey be calculated in the approximstion
that the spectrum of neutrons can be taken in the form o' two monocchromatic
groupse

Let the position vector of any point relative to the centar of the
sphere bes denoted R, and let / R/ = r» lst C(R) be the number of collisions
per sec psr wit volume at the point R« In order to carry out our two=group
calculation, we represent ( (R) by a one volumm matrix with the elements Cl(R)
and 02(R)o 01(113 is %o represent the density of collisions per seco by fast
neutrons, and 02(2) the seme quantity f'o'r slow neutrons:. The transpose of

c, C"', will bs s one=row metrix with the elements Cy and Cg° In symbols wa heve
Cq (R} . — ‘\}
C(R) «lci(r) C*® =C.(R) C.R
2 J ?_/

The sum ¢f the elsments of eny row or columm matrix, ¥, will be denoted e;!':l\&o
Consider for the present the general type of source distribution, S{R).

S(R) is again a one~columm matrix, and its two components give the number of fest

and slow neutrons procduced by the source per unit volums at R per sece The order

of ths components is the same as in C(R)o

e v

e
clé
%1

e

...0&

wquabion which describes thes production

. — e

o
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eveevde
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and diffusion of neutrons in our systeme e
C(®) = \K(R,RY {Fc(Rv) + S(R')} dR? (8)

This inhomogeneocus integral equation expresses esseﬁtially the conservation of
neutronse F and K are square matrices of the second order FC{R®) is the sourcse
of neutrons due o the collisions taking place at Rf. K(R,R') is lmown as the
kerael and represents the density of collisions at R dus to a neutron producad
at R« 7The integration is over the active material and dRY 1s the slement of
volumss It is now clsar that this equasivion states that the collisions at R are
due to'the neutrons produced by the source shd to those produced by collisions

throughout the sphere which trevel to R and mzke s collision there. The explicit

oxpressions for F snd X are =g IRwR‘I
g2 !
g 3 K °
Foafp*11 f1g LRV <05 |R=R1
- a1 ez vge %

Wie see that K is a disgonal matrixe It follows thet K“= Xo We also have the
relation X(R,R%) = K(R!,R} j.ss K is symmetric in R end R'v We also note that
in general F* § Fo

We will show presently that the solution of ej. (8) reduces to finding
two sets of charscteristic fumctions and vélues defined by two homogeusous imtegral

sgquationsz obteined from (B)o The first set of charscteristic funtions and values

is defined by ths squatiom

-

Ui(R) = Ain(RDRQ} FUi(RC) aRe i=1, 2, 5, .o..oooo o
s call the Uy's the direct fumctiguse,, They do not form an orthogonal set as
. OO ;
.:o o:oo Eu cos So0 o0° ‘
APPREVERD. FORE PUBK'| G+ RELEASE
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in the case of the one=group theorysa We obtain what is called a bi-orthogonal
set with another infinite set of functioms which we call the adjoint funtions.
The edjoint funtions are def'ined by the equation7)o

(10
Vi(R) s AiJNK(R°Rn) F*Vi(Ro) aRe $ = 1,2,3, *°°°°,

Bquations (9) and (10) possess the same set of eigenvalues since the Fredholm

determinants sre the same for the two equationse It is now possible to show

quite easily that the U's and V's do form a bi-orthogonul set, iece. that we have

the relation

. j\v; (R} FU (R} aR =& 51 ' (11)

To'do this we first take the tramspose of eqo (10) for the j°P eigenfunctiono
This gives

*(R) = A * (ne) J g . ;
Vj (R jfvj (r*) FK(R,R*? 4R , (122.

Now we maltiply eqe (9) by ﬂjvs(R) F from the left and subtract from this eqe (12)

multiplied by AiFUi(R) from the righto. Then we integrate over the active mateirialo

Ve hgve
(Aj=>~i) J vj" (n)' FU,(R) 4R = Mh, [ ngdR"I; (RIFR(R,RY) FU, (R®) - dRAR*V (R ) FR(R,R*)

FU, (R)}

Since K is symmoitric, and the names of the variables dc not matter, the right side

vanisheso. Assuming no degenerscy, that is for ® ¢ ] hi % st wa £ind that .

6)o Cf. LA 465

7)o In the general cese, the definition of the adjoint is V, (R) = iji+(R°,R)F+Vi(R°)
This reduces to (10) Ineour ngsges 30 w

: AR
.:. 0:0 000 o:o o080 :o.

APPRO\/E‘D FOR PUBLI C RELEASE
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' }
jvj* (RVFU, (R) dR = 0o For i = j wo msy normalize the integral to wsty® o
By means of the bi=orthogonal set we can Fourier analyze any density

funcbion in terms of normal modes. However, the usefulress of the set goes

further then thate For it is also possible to analyze cuy 'square matrix (of

second order) in terms of the direct end adjoint functionge In particular we

easily find thet

K(R,R*) ‘__Zui(n)rv{' (&) (13)

This is easily checked by substituting the series for X in eqg- (2) . The series

for ¥ is called the bilimenr sories for the kernsle It will be found very

usefuls

We now go back to the solution of ege (e)o The experiment which we
are considering has a central sourcs which let us say emits q, fast neutrons amd

45 slow neutrons per second where qy + Qs = 1o It is useful to define ths matrix

TN
Q* = 9y gp° ¥We have them that
N—”’ .
.. ()
T &Ry
: S(R) = )
\ Zny &

e cen now perform the integration of the kernel over the source in eq- (B)o We

obtain two expressions, ome by using the matrix for X and the other by using the

bilinear series for Ko We have

. ' ST (14)
se @) = k(.20 s@ars o 17 75& DU R (¥ (0)Q)
"'a, @W- i }oi

We note that (V{ (0)Q) is a scalar quantrcyo To solve eqo (8) expamd C(Ras

an infinite series in the Ui'so

&}c H :... o:o :u o’

Tz this way there rer!aéms an eroitrarjness in the way the U's and V's are

nermalized separate*y '.‘!."hr o2 G 'p'! *ufworbance as in the applications it
iz aiways the 'oroduci Skt oy
PPROVED: <CR” P‘UBLI’C RELEASE  EE—
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c(R) = Z c, Ui(R)
i

Substituting ix ege {8/ and using eqe (6) wa have

;C (v (0dQ) vy G50,
)‘i 3 )\:'L

This equation can be soclved for the C's by multiplying Ly V'F from the left and

integrating over the sctive materiale We find thet

v (e vf(oe v (olg
C, = mpoeom = b e (15)
i M r (R0

Using eq. (14), we have as the final solution of eq- (8}

e T
Qq,0, St > (6) o)
[ vor7 ;‘\ (v.” (00 Q) v, (»)
¢ ¥ N i i
Baoibr —-—:—-} )\i(hi“].)
9% i
4np ¥

In this form of the solution, the first collision which is singular has been
separated from the imfinite sume In this way the convergence of the series is
made more rapid and fewer characteristic functions and values have to be calculated

The total number of collisicms which take place in a sphere of radius

{16

8
a a3 (1-eC: a.) < v (O)QJLIUJ._(R)dR
CdR = 1= =q &
\]; ag(1-e" Q02 A_(}\.nly
ivii
i
The total number of fissions teking pl ace in the sphere is (o‘,’ /c ) (o,, /c& deR,

aud the multiplication is 1 +JJ(F‘—-I3 f CdRo Here I stunds for the ide if,stoy wr
103
01

I1I. Multiplication Thsory of Temped Spheres.

One of the mos&’ olmpoman’t?rré;.suraments made Dy the project was the
determination of the crltit I sxzes”of'éaqped spheres of' 25 and 49- The principal

APPRGOVED" FER. PUBLI C'RELEASE
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tampers used were tungsten carbide and tubslloye The ¢ritical size was approsched
by measuring the multiplication of sub=critical spheres. It was predicted
theoretically and checked experimentally that the graph of 1/H vso the radius

of the sphere is a straight line from reasonable large radii to the critical
radiuse.

In ordsr to messsure the mﬁltiplication of tamped spheres, it is
necessary to place small foils in the active material itselfe In this way ome
usually obtuins the total number of fissions teking place in the sphers. This can
then be converted into the multiplication by comparimg the totel number of fissions
and the multiplication im the case of umbtamped spheresg)o

Ths caleuletion of the multiplicetion of tamped sub=critical spheras
is very similar to the calculatiom for the untamped spheres, particularly in
soms of the more formal aspectse There are neverthsless some instances where the
theory requires important elnboratiom.

We consider a spherical cors of radius a, with a unit source at the
center surroundsd uy.an infinite tempero Iet us introduce the matrix G wﬁich
plays thes same role in the tamper as F does in the core« The inhomogeneous
integral equationm which describes the production amd diffusion of neutrons in our

assembly now becomes
(17}
c(r) -jK(R,R*) {m(m) + S(R‘*)} dR® .;jK(R,,RB)Gc(R-)' dR?®
c t

In this equation C{R) i® ¢he density of collisioms per ssce. at any point in
the core cr tamper. The letters ¢ end t under the intogral signs indicate thet

the integrations are to be teken over the core and tamper respectively. G is a

square matrix of second .Qz:dei' as i'&llimsi :
... .:. e00 000 ooe 00O

e —— e

fll.« zifq "éAé?l .
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G =y px *
_21 l+f

. (% 0
The kernel F¥{R,R*) =0 X, where

- fpc,gn] ax

i-n—-r;?g}*? i=1,2 (18)

-

Ki(R_.,Re) = oi(R)

Ths inbogrebicn ia tho cxpement iz to be vaken along the straight line between

R end R~ This complexity of the kern.l is nacessiteted by the fact that the

core and tamper ere in general of different trsnsport meesn free pathe

Iet us integrate eqe (17) ovar all spacev Using the fect thet
f K(R,R*dR = 1, we have
C+t
(=1 f C(RIAR + f s(Rdar » =(a-1) [ c(R)ar (19)
c c t

This is the stetement of the comservatior of neubroms in two groups

It is possible to .rite ege (17} in s fo.m in which the tamper never

appears explicitly as suggested by Re Peyimano

Fer that purpose we introduce the
kemelc%f (R,R*) which is defined as follows:

K (RS = K(R,RY) +J'K(R,R1)GK(R19RVJd31 ,ﬂ'K(RDRl)Gx(ngaz)eK(RZ»m)dnld'kz b oooso (S

T2 this equatior R and R® are rsstricted to the core- What dces this kermel

:eprasent‘? It represents the density of collisioms at a point R in the core due

to a neubrom reoleased at a poimt R? im the cores. The successive terms in the

infinite series are just the deunsity of collisions at R when a neutron goes from

R? to R making raspectively 0p 1, .2 oo cqll,;sa.ons in thy tampor: Im a more formal

.
fashion one is led to def:ma c-u»..ho 3 Iﬁfv‘f. ® gi® woplying the method of successive
.. ..0 .0
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iteration to eqe (17) in the following way. As a Pirst approximatiowm for C(®

neglect the second term, ioeo ths integrel over ths tamperes Then substitube this
for C(R) in the tamper integrale This gives the second spproximstion for C(R) as

follows

c@® = { {K(R,R") +j R(R,R"GE(R" ,R*) R { ve(R?) + S(rV)F aro
Y t
<

If this process is continued cne is led to the inbtegral equation

C(R) = [oR(R,RY) Frem) 4 sv) f aRs (22)
C

whereJ‘( (R,,R') is given by eqo '(zo)a Ir. this form, the equation for the tampsd

assembly is the same as for the ustamped assembly, eqe (8)o Indesd all the theory

of solving the inmhomogeneous equation alreedy developed can xnow be taken over to

the tamped caseo Ist us just look & 1ittle inte 'c.he rewr kernels We consider

it as a sm of kernelsdff (RoRY 1080 SO (RoRY) = ZJ{ (R,R%) where ;2/ (RoR%) K(R,R*)
andj{n(RaRﬁ) sf«oojK(RpRl)GK(R 9R )GoooK(R 2 n I)GK(Ru 1 1)dR c020 dR 1
4

' ;7 { is called the n th iterated kermelo Jt_{m not symmstric in R and R?, mor is

.% a symmatric matrixe These propsrties are lest in going frem the umbamped to

the temped case» A useful recursior rslatiomship for the iterated kernels is the

following

."/'f{ {R,R%) = [7;,’ (R,R")GE(R" ,R?) aR" (22)
"'t [

A more general recursion relationship is the following

% (RqR%) = f (Bol?."-).(}%(}g“gg) ap™
ﬁ . : &
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We have seen thet in the untamped case, the imhomogensous aquation

could be solved cnce we had found the bi-orthogonal set of the homogensous equatiom.

The equstions we had to solve were eqse (S} apd (10)o The kermels im these

equations are essentially Nilne kermels which we kmow how to treat (see below

IV)o Hence the problsm is essentially solvedo

In the tamped case the homogsneous equation fer the direct [unctions and
the characteristic values is

Ui(R) = Aif%(a.nv)mi(ne) dRs i =1, 2ccee (23)
c

This equatiom mow takes the place of ege (9). Here J¥, is no longer ¢ Milne-
type kernel and we must now ssy how the chavacteristic fumctions snd values of

this kernel are to be found.

We now assert that the characteristic functions and values of 8qge (23)
can be found by solving the equation

Ui(R) = Ail’x(ngm)mi(nc) aR* +’cf K(R,R')GUi(R') dR*  f =1, 2 cooo  (24)

To prove that this is so, Pirst substituts the series forJg(RgR“)o We havs

Ui(R) - g ‘iJ,}i{(R,ROUi(R') dR?

Now substitute the solution of eqe (24) into this equatiom o  Usimg,

the recursion relation eq. (22) we have
J K., RaRY Uy (R-)«»{%f(a,miavi(m) dR* n22
t
’Aif?é(zz.wmi(gz)ane . ,
U () ?/‘Jé(n,a')cui(m) dR?

o eoe :’: eoe 2900 e’

*
o ooe o o * o
° o e & ° .
e o :
°
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If we now sum over 2ll n, we see thet all the terms cancel except Ui(R) o

If ege (24) be integreted over all spece, we obtein the comservation

law for the cherscteristic functions

(AF = I)'efui(a) dR = =(¢ = I)‘[ Ui(B) drR (28)

The adjoint system of characteristic functions is defined by the

integral equation

+
v (R) = A (R',R) F+V' R‘) dR? j = 1, 2 ecoo (26)
3 J‘L’%{ J,( 3

In this way it follows im a menner completely snalopgous te the untemped
case that
N
V.(R/FU_(R) -
J TR R ar £
<
This is true of course provided the direct and adjoint sst of funetions possess

ths same set of charscteristic values as is writton into eqo(26)> That the two

sets of cheracteristic values sre the same can be seen in the following waye Let

us write eqe (24} in the form

U. (R} = f K(R,RYL(RVU_(RVAR"
i i

o+t
where L(R'} equals )‘iF in the core and G in the tamper. Consider now ar adjoint

equation defined in the following way- Ui(R) ='f L+(R)K(R!,R) Ui(nt)dﬁt, The

cit
direct end adjoint eguetionm possess the seme set of characteristic values since

they have ths same Fredholm determinante The adjoint equation cen now be transformed
into our adjoint cqueticn by iultiplying by %(R",?) and integrating over all R

This proof and the proof in the case of the untamped splere are not completely

vigorous since our kernels a?e .nc%tualiy °}ob&r'v"chm1ce 1lly singuler for r = r'e This
‘oo eos soe coo 900
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can be remsdied by alwuys comsidering the average of the kernel over a small
region in setting up the determinantse Im this way all tha quantities are finite.:

It is now necessary to look imto the nature of the kemeléyf;(m ,R)o

¥e have that
iy IRy ALK maﬁg e = oo JRE R EEE, Y e R (R Y
[4 ¢ ¢
dedR“"}

We can now sees that the equation we must solve for the adjoint characteristic

function is

Vj‘(R) = "ij(R",R’F"Vj(RO dR® +J‘K(R“,R)G“Vj(n') dRY  §=l,2 coo (27
¢ t

For if ws now evmploy the method of iteration to remove the tampar term, we are led
to equation (26)c

It is of course possible to prove directly that the Uts and V's form a bi=
orthogonal set from agse (24) arg (27) which contein the tamper terms explicitly.
Te do this multiply eqe (24) by A 3V+(R)F from the left end then subitract from this
the transpose of ege (27) multiplied by :'\iFUi(R) from ths righte Then integrate

both sides of the resulting equation over ths corse W%We have

(*jcli)fvaf FU.aR=M M {J:[ deR'V; (R PE(R,R*) FU, (R%) = ﬂm&aw}’(ne)m@%ﬂwﬂ@} ’
b <C cg
ey (R) FK (R, R*) 0) <A "aRov (o Y RIT
. hj-édegydR V@ FE(RRY) 0T, (R 4&1{2 4ROV (R0 )ax(Re ) FU, (R)

The first two terms on the right ceancele To show that the last two terms om %the
right cancel we rewrite them changing the orders of integratiom im each term and

substituting from egse (24) end (27} We have for thess terms

de* {v;f(w)sjv;(g")cx(n" ,R.e? .;;z:%-cv :(Rv> ﬁ«.ﬁcv (R')GiU (rt) fx(a*.n")cv (R" an"}
¥ +

0. YL AAd aee 00!*-
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Tt is now clear thet these terms also cancelo We have them that if }‘jﬁhi that

jV';F’UidR = 0o For i = j; }‘5. = hj this irtegral can Be normalized to umity.
<
N 6:

: ) and let us denote by
o, and o, this metrix wher it is evaluated im the core and tamper respectivelye

o
let us defime the metrix o(R) r.-(

From &ge (18) and the definition of K(R,R“) we ses thal 'we have the following
metrix relation o(RJK(R*,R) = o(RVE(R,R)e Lot us now multiply eqo (27) by o(R)

end then integrate over all spacea 'y obtain ths oonservation law for the adjoint

functionse
A . ) = = ¥ - y
Gc( ;jF Iﬁj(R) 4aR ct(G I) Vj(R’ ak (28)

We see that this reletion has a slightly diffe:ren‘b structure from the
conservation law for the direct functions, eqe (25)o Speecifically there iz an
"extra" g, on the left and an "extra” oy on the right side of the equation. Iet
us look into this m littles We go back to ege (24:) » the integral equation for the
direct functiomse This equatiom hus direct physical meaning as follows: Ui(R') dR
is the number of collisions in dR'e In each collisiom MF meutroms come off in the
vore and G in the tamper. A nsutron so preduced makes K(R,R“)dR collisions in
dRe And the integral equaticn is the corditiom that the system is then maintained.
It is then immediately clear without the process of integratimg over all space
that the conservation law is just ege (25)9 Ist us now Htura to the edjoint functioms
defined by eqo (27)° As ths equation stands, it has no direct physical meanings
The reason is that K(R? ,R) says that the collision is made at R' snd not at Ro
Ve will now write eqe (27). 80 that one can interpret ite Multiply eqe (27) by
a(®) end use ths relstion Sh c(B)K{B ,,.al o K(Rmﬁo(at) Now introduce between

F* and V(R') and between G"'and V-\R ;L!z:s u:a.xt matrix g L(R')G(Rv)o Fore o {R')

APPROVED*FOR FLBLI'C i
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denotes the reciprocal of o(R'. This is permissible since ,o(ﬁﬁ)/#on e

obtain the following equation

*

G(R)Vj(R‘) JK(R,R')G(R‘)F"' 1(R:)rc(RV)v (R'}]dR'-;- K(R,R%)a (R e %" (RY)

< ¢ E(Ro)v (R')]dR“

‘We see howevar

This equetion cen be interpreted in ths sams way as eqo (24)
that o(R®) °V3(R') plays the role of Ui(R‘)s hjo(R“)F"‘o’]'(R") the role of A.F and

o(RY) G* ¢">(R') the role of Go With this interpretation we write down the

sonservation law immsdiately

(M50, F* oy 1) Scx,grj (B) dR = ~{o,6% o -T) J o Vs (®) @R
¢ T

This is exectly eqe (28) if we teke o, aud o from under the integral signs as

we may and pubt these matrices in froktof the respective oracketse The physical

interpretation of the adjoint equation is necessery when we depend on solving an
integral squation by intuitive rather than formal methodse
The bilinear series for the kemelyg(R,Rﬂ} has the same form as in

an untamped caseo

75(1{93'-”) 'Z\ (R)Vi\R")

=1 A i

and the solution of the inhomogeneous integral equatiouns '17) end (21 is given

by eqe (18]

Nk, (T Q
C C'i( . Ui(R) 42 i ‘Ui(R}
{ hi A

Mg (b1 . -

- APPROVED F0R"PUBLI C RELEASE



PUBLI C RELEASE

l

The first sum on the right is dus to neutroms making their first collisiom in

the coree The second term contains all the higher collisionse The first term

centaing the singular pisce

S (R)

This is the conbribubtion of true first collisions as distinet from first

collisions in th® coree It is sgain useful to separate this oute We have then
for ths final solution of the inhomogeneocus integral equation !1
\A (o)Q v; (0g
C(R) = 8¢ (R) +Z X °ﬁ'§ (RﬂFS‘(RﬂdRQ Ui(R) (29)
i
<

The multiplication is 1+?’(F~1)‘£ ¢ dr
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IV, Characteristie Functions apd Values

We still have to determine the U,, V, and A, of (16) and (29)o These
characteristic functions sxnd valuee aro determined by the integral equations
(9) and (12) for the untamped casey (2L), (25), (27) and (28) for the temped caseo
If we remember that G1 = Nlol and 02 = N202 apd that ¢ = 0 for an untamped
core, then (9) and (2L) beoome, if evalusted for the centiral point (R = 0), the,
same a8 (1) except that the F matrix of the core is multiplied by the characteristise
value hio A similar relation exists between the conserwation equations (25) or {28)
and (7)o Thue we cbscrve that the transport and comservatiom equations for any
cmractor;atic mode diffors from the eorresponding critinal equations in that the
F quantities of the core are multiplied by )\10 The problem of the critical system
is: given for the lowest and only mode that A, = 1, we seck the value of the
sore radius "a" te satisfy our fundamontal equationso Oa the otheor hand, the
subsritical problem 'i.a} .givon the core radius "a", we wish to determine 7\137-2,,”.:0 ,,

Wo shall erder the characteristic wnlues by taking 7\1 < ?\2 € 53000 For a sub=

o
oritieal systom ‘)\i 5 1lo We give a physical argument for this assertion. %hen
the system iz suberitical, the values of 1 + fll" f3.2” etes entering F aro not
sufficlently large to maintain the system criticals But the suboritical equations
Tor a mode are essentially critical equations with 1 + fllp f129 esoso changed inte
}‘1(1 + fll)" )kiflaoooooooo Thus hi > X

For an assumed value of ?kio
as in {3)o (Of course F hap now become A;F)o For a given value of Ay, we then

the asymptotic cywtions can be written

get two values of ko It is more convenient to plot 3/\ against K2, When * be-

somes negative, d.eo0, k is pure imaginary, the arctans of {3) are changed inte

ayetanhs as has been pointed -5§t':i'n

socglop "I3’s e sketoh in Figo 2 a typical
L [

case of these curveso Curve A7 Vie'UpSéd :o'x’ahb.’no starts from k° = o, /A=0
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©s cae B0 s0e 0ge o0 N .
and rises monotonically to VA = 05..1‘05' 2. =§—ao‘r QE ?urve B likewise ascends smoothly.

The surves are not extended to the .lez‘g of ka.z.:c'ai »8 no comsistent theory has yob
beon evolved Loy k2< uaeio (Wo have aBsumed Sy < 0'20)

A

=Cy™ 0 2 ~?
Figo 2

With the ald of Figo 2, we can discuss the general behavier of the
chareeteristio modes for any suboritical systemc Lot us start with an oxtremely
emnll eore radius {a » 0)¢ Then 3&1 -» 60 O 1/7\1 «2 O In Figo 5o'wo draw the

iines for %191\2,, ot3o Wo soe that values of ka for Ao, M

¢ "2
Honoo feor this case, the eharacteristie functions of each mode will have solutions

s ot®s arc all poaitive.

of tho form (L) with the sinh (kzr) thore changed to a sin (kzr)e

I
L)
)
i
B

o 2
— oy o o ses_ss
Rt T I NEE

APPRO\/ED.FO? PUBLI C RELEASE



APPROVED FOR PUBLI C RELEASE

-2t~ -8

As the radius of theo core iz increased, Ay deorcases. As an inters
mediate cass let us take the situation iandicated in Fige Lo For the lowest mode
(7\1) the valuee of k2 are positive and negativeo For this mede the characteristie
functions have the form (L))o The higher modes Mg }\3 have the values of k2 bath
pogitive and therefore their charscteristic functions will be linear combinations of

(ain kir)/(klr) and {sin k2r)/{k2r)o

1/n
1 §
. A
SR
" % A= A
<L 1
AN A=y
i 2

Figc h

We discuss & further oxawple (Fige 5)c Tho core has besomo still

larger. The value 11 has now reached is such that no value of x° exists on the B
curveo This is certainly an anomalous situatione No satisfactory solution is yot
knowno We have in the meantime adopted the "hill" apuroximation, i.e. that

ldzz = aag, or that we use the nearest value of 1/A which glves a solution, namely
the point H, the highest point on the curve Bo The value of ki always exists and
is hore pozitivec This typs of solution vms d‘isoues;sd at the end of sectlon Ie
The higher modes behave properly. The ssecond mode is here a mixed sin and sinhe

The third mode is a sin and sin combinstion ebeo
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The final example is that of the critical case, The lowsst or
fundemental mode is usually of the type indicated in Fige S50 The higher modes
neod not be considered as their contribution to the multiplication or neutron
density is negligiblao VTho mathomatical explanation is the presence of ()\iol)al
in these expressions end Ay -y 1 a8 oriticality is epproached. See (16) and (29).

In practico to find the lowest characteristio valuec 7\1 for a sube
eritlonl system, wo guess a value of ?\1 (ef course higher than one), and the
larger, the smaller the core radius. With this velue of ?ys we then £ind
kyo @y and ky, ap from the revised (3) (F—»A,Fe K.;'e a; and K; . ag
are dotermined from (5)c¢ The charscteristic fuactions are then of the form
(L) and {6) or variations of them as outliﬁed ableveo When thne lattoer functions

are substituted in the Uransport snd conservation equations (2L) and (25) or (26)

ond (28), we get four equatioms.ftvc fegs tho amtomped; (9) or (12))« Eliminating

. : of Lo 3% ot e
the arbitrary coefficients Apo A.é; 33-1 30!‘.3’-3 “c got & determinant, A, which
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should vanisho By evaluating several wvalues of A fer the corrosponding
assumsd valuss of ‘)slp we can finally interpolate to the correet wvalue of )\1
to any accuracy. Onoe the lowest mode ‘(7»1) is obtained, the trial A is inoreased.
The noxt higher valuo of )\ to give a solution te our equations is called Ay In
this vay a8 mepy modes as desired oan be caloulateds 4 few such modes usually
suffiseo

The determination of Ri’ Uﬁ.’ V3 can thus be carried oute A chegk of
the method should be that ?\i obtained 1‘.‘rozn"0i is the same as that from Vio Hoero
ever, & siight discropancy x;ray exist between the two values dus te the fact that
the characteriséio funetions employed are only approximate and not exact solubtions
of our equationso |
Vo Resul#so

Vie shall first report our results for the muitiplication experiments
on 3=1/2" and lw1/2" diemeter "25" spherss untamped er tamped with WC or Uo A
brief acoount of these experiments has already been given in LAMS 2270 Theoretical
curvea were caloulated on both the one-group snd twoogroup theories for 75% 25
of density 18,0 gm/emao When the rociprocal multiplication (1/1) is plotted apaim
the core dlamster, the curves shown in Fige 6 are found to be remarkably straight.
A serreotion (here smll) was made for the presence of the central hole and finite
size of the source, As seen from Fige 6, the experinental points it the theoreti
curves wellc The ome group and twe group methods give essentially the same result
This was found to be true for both 25 and L9 corss watamped or tempedo In faot th
practical procedure is to determine the critical mass from a two group ealeculatior
and ’shen a.d;just the one grm{p r‘cnsta.nts. .re;ive the same critica.l mss. Thoree

after the onse group theory dan I&z hsed'tetabta“n the remainder of The multiplicat]

° [ ] [ 2

e o o e o ¢ o ¢ o o

o o o [ [ ] o0 L]

e o oo L [d [ I ]

... ... l..
L]
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ourves As a matter of record, the § phase L9 calculations of LAMS 253 were done
in this manner. Elaborate twowgroup a phase 49 calcuiations were alresady come
pleted when it wes decided to use the § phasé as the core materials Rether tham
repesat the computations for the b phase L9 on the twe-group method, one group
was thought sufficiently accurate as bused om eur experience with the clese
check between the two methods a.pplied to several different cases. A detailed
.disoussion of 235 and L9 mﬂtiplication experiments is given in a recent repori
LA=L&4o

Another class of ea:periments was performed in which the radial neuiron
distribution as detected by 25, 28, and 37 small fisslon chambers were measured
threughout the core and tamper of various suberitical assemblies. The experimental
information is contained in LA<307 and I.Aq»).(Zl for a mock-f'ission source ard in
14402 for a thermale.fission soursec The former work ’will henceforth be convene
jently roferrod to as Manley?s snd the latter as Anderson?se.

As the overall multiplicetion was excellently verifi;od by the theory,
it vas decided that the mul’ciplicaﬁon which can be alse calculated from the
experimental neutron curves obteined with a 25 chamber should be normalized (if
noed be) te give the multiplication correctly. As a wmatter of fact, Anderson'®s
mult;plieat:.on values agreesd with Williams 910), very well. Howover, the
multiplication as computed from Manley’s curves secmod te be a little low (about
52):» The difference we attribute to the perturbation due to the finite size of
the detector. In any case we adjustéd the theoretical and cxperimantal neutron
digtributions detsoted by 25 folls to have the sams neutron source strength and
further that the multipiication in the core (after the multiplication due to the

direet source is subtracted oﬁf). sBeuld also.‘xgreco Thus for the 25 detectors,

the neutron distribubions in the core are only te be cheoked for shape, but not

12) 14468,

. -" ....
...
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fer absolute magnitudeo As we see from Figse 7, 9, 11, 13, the core distribution
for 3-1/2" and l;=1/2" diameter cores with WG or U tampers is as good as can be
hoped foro Im order teo remove the l/r2 singulerity near the source, we have
plotted r2F ageinst ¥ F is the number of fissions per e detected at the radial
distance ro The titles of the figures are'to be inbterproted as followss (a) the
diameter size of the core (3-1/2" or L-1/2") (b) the temper {(WC or U) (o) the
detector (25, 28, or 37) and finally (d) the location (vore er tamper). The
theoretical curves are drawn ag solld lires and the experimental peints of
140307 and 74421 are indicated a8 Manlsy, and the cerrosponding points of LA-40R
are put in as Andersonc

The tamper distributions with 25 detectofs are, we wish te stress,
29 longer normalized or interfered with in any wayo In the tamper, far away from
the source;, wo revert to the usual F against » plq‘to The tamper distributions are
eompligated by the presense of iron at a gertain distanse ou%o A rough one group
ealenlation vas made to take acocount of the iromo The thus corrected distribution
is shown as a dotted line in these figuresc We noted that the neutron flux die-
tribution (Fige %) hes ex abrupt transition at the core-tompar interface. These
distributions as well as tho fission cross soctions entering the expression for F
wore made smooth in the transition zone betwsen the cere apnd tamper. When weo
think of the complications involved in the solution of these problems, we may say
that the agreement between the theory and experiment it goode

We now tﬁrn to the distributions measured with the 28 detectorp Cnly
one adjustment vee mado, namsly, that the experiment should have the samo numbsr of

fissions per ce near the souyepsseTp hagv s2v w@3sence calibrated the weight eof the
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28 foil- dotectors in thiz way.

«20=

L]
(XX 1]

Those who know the difficulties that have been

eneountered with 28 foils would, we think, say that the sgreement between theory

and experiment is oot as bad as could have been imaginedo

Exactly the same procadure wes follewed for the 37 foils as wms de-

serited for the 28 foils aboveo
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